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By using the continuous theorem of Ge and Ren and constructing suitable Banach
spaces and operators, we investigate the existence of solutions for an impulsive
p-Laplacian boundary value problem with integral boundary condition at resonance
on the half-line. An example is given to illustrate our main results.
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1 Introduction
Boundary value problems on the half-line arise in various applications such as in the study
of the unsteady ﬂow of a gas through semi-inﬁnite porous medium, in analyzing the heat
transfer in radial ﬂow between circular disks, in the study of plasma physics, in an analysis
of the mass transfer on a rotating disk in a non-Newtonian ﬂuid, etc. []
Many dynamical systems have an impulsive dynamical behavior due to abrupt changes
at certain instants during the evolution process. The mathematical description of these
phenomena leads to impulsive diﬀerential equations. For some general and recent works
on the theory of impulsive diﬀerential equations we refer the reader to [–]. Impulsive
diﬀerential equations occur in biology, medicine, mechanics, engineering, chaos theory,
etc. [–]. Impulsive boundary value problems have been studied by many papers; see




(p(t)u′(t))′ = f (t,u(t)), t ∈ (,∞)\{t, t, . . . , tn},
u′(tk) = Ik(u(tk)), k = , , . . . ,n,
αu() – β limt→+ p(t)u′(t) = ,
γ limt→∞ u(t) + δ limt→∞ p(t)u′(t) = .





p(t) (p(t)x′(t))′ = f (t,xt), t ∈ (,∞)\{t, t, . . . , tn},
x′(tk) = Ik(xtk ), k = , , . . . ,m,
λx() – β limt→+ p(t)x′(t) = a,
γ x(∞) + δ limt→∞ p(t)x′(t) = b
was studied.
© 2015 Jiang; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly credited.
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A boundary value problem is said to be a resonance one if the corresponding homoge-
neous boundary value problem has a non-trivial solution. The boundary value problems
at resonance have been studied by many papers; see [–]. In [], the author gave the
existence of solutions for the p-Laplacian boundary value problem at resonance on the
half-line
{
(ϕp(u′))′(t) =ψ(t)f (t,u(t),u′(t)), t ∈ [, +∞),
u′(+∞) = , u() = ∫ +∞ h(t)u(t)dt,
where ϕp(s) = |s|p–s, p > .
As far as we know, the impulsive p-Laplacian boundary value problems at resonance
on the half-line have not been investigated. In this paper, we will discuss the existence of




(ϕp(u′(t)))′ + f (t,u(t),u′(t)) = , t ∈ [,∞)\{t, t, . . . , tk},
ϕp(u′(ti)) = Ii(u(ti),u′(ti)), i = , , . . . ,k,




where  < t < t < · · · < tk < +∞, ϕp(u′(ti)) = ϕp(u′(ti + )) – ϕp(u′(ti – )).
In this paper, we will always suppose that the following conditions hold.
(H) h(t) ≥ , t ∈ [, +∞),
∫ +∞
 h(t)dt = , f : [, +∞) × R → R, and Ii : R → R, i =
, , . . . ,k are continuous.
(H) For any constant r > , there exist a function hr ∈ L[, +∞) and a constant Mr > ,
such that |f (t, ( + t)u, v)| ≤ hr(t), t ∈ [, +∞), |u| < r, |v| < r, |Ii(u, v)| ≤ Mr , i =
, , . . . ,k, |u| ≤ r( + tk), |v| ≤ r.
2 Preliminaries
For convenience, we introduce some notations and a theorem. For more details see [].
Deﬁnition . [] Let X and Y be two Banach spaces with norms ‖ · ‖X , ‖ · ‖Y , respec-
tively. A continuous operatorM : X ∩ domM → Y is said to be quasi-linear if
(i) ImM :=M(X ∩ domM) is a closed subset of Y ,
(ii) KerM := {x ∈ X ∩ domM :Mx = } is linearly homeomorphic to Rn, n <∞,
where domM denote the domain of the operatorM.
Let X = KerM and X be the complement space of X in X, then X = X ⊕ X. On the
other hand, suppose Y is a subspace of Y and that Y is the complement of Y in Y , i.e.
Y = Y ⊕ Y. Let P : X → X and Q : Y → Y be two projectors and 	 ⊂ X an open and
bounded set with the origin θ ∈ 	.
Deﬁnition . [] Suppose that Nλ :	 → Y , λ ∈ [, ] is a continuous operator. Denote
N by N . Let λ = {x ∈ 	 : Mx = Nλx}. Nλ is said to be M-compact in 	 if there exist a
vector subspace Y of Y satisfying dimY = dimX and an operator R : 	 × [, ] → X
being continuous and compact such that for λ ∈ [, ],
(a) (I –Q)Nλ(	)⊂ ImM ⊂ (I –Q)Y ,
(b) QNλx = θ ,λ ∈ (, )⇔QNx = θ ,
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(c) R(·, ) is the zero operator and R(·,λ)|λ = (I – P)|λ ,
(d) M[P + R(·,λ)] = (I –Q)Nλ.
Theorem . [] Let X and Y be two Banach spaces with the norms ‖ · ‖X , ‖ · ‖Y , respec-
tively, and 	 ⊂ X an open and bounded nonempty set. Suppose that
M : X ∩ domM → Y
is a quasi-linear operator and Nλ : 	 → Y , λ ∈ [, ] is M-compact. In addition, if the
following conditions hold:
(C) Mx =Nλx, ∀x ∈ ∂	 ∩ domM, λ ∈ (, ),
(C) deg{JQN ,	 ∩ KerM, } = ,
then the abstract equation Mx =Nx has at least one solution in domM∩	, where N =N,
J : ImQ→ KerM is a homeomorphism with J(θ ) = θ .
3 Main results
In the following, we will always suppose that q satisﬁes /p + /q = .








u : u ∈ C(J ′),u′(ti – ),u′(ti + ) exist and





u : u() = ,u ∈ C(R+) ∩ PC(R+), sup
t∈R+
|u(t)|
 + t < +∞, limt→+∞u
′(t) exists
}
with norm ‖u‖ = max{‖ u+t ‖∞,‖u′‖∞}, where ‖u‖∞ = supt∈R+ |u(t)|.
LetZ = Y ×Rk , with norm ‖(y, c, c, . . . , ck)‖ = max{‖y‖, |c|, |c|, . . . , |ck|}. Then (X,‖·‖)
and (Z,‖ · ‖) are Banach spaces.
































where domM = {u ∈ X : (ϕp(u′))′ ∈ Y ,ϕp(u′(+∞)) =
∫ +∞
 h(t)ϕp(u′(t))dt}.
It is clear that u ∈ domM is a solution of the problem (.) if it satisﬁesMu =Nu, where




, denote J = [, t], Ji = (ti, ti+], i = , , . . . ,k – ,
Jk = (tk , +∞).
Lemma . M is a quasi-linear operator.
Proof It is easy to get KerM = {at | a ∈R} := X.









= ci, i = , , . . . ,k.
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y(s)ds + a + c.




























cih(t)dt = . (.)













By a simple calculation, we get u ∈ X ∩ domM andMu = (y, c, c, . . . , ck)T . Thus
ImM =
{
(y, c, c, . . . , ck)T | y ∈ Y , c, c, . . . , ck satisﬁes (.)
}
.
Obviously, ImM ⊂ Z is closed. So,M is quasi-linear. The proof is completed. 
Take projectors P : X → X and Q : Z → Z as follows:
(Pu)(t) = u′(+∞)t,










e–t , , . . . , 
)T
,
where Z = {(ce–t , , . . . , )T | c ∈R}. Obviously, QZ = Z and dimZ = dimX.






































ds – u′(+∞)t, t ∈ Ji, i = , , . . . ,k,
where X ⊕X = X.
Jiang Boundary Value Problems  (2015) 2015:39 Page 5 of 13
By [, ], we get the following lemma.
Lemma . Assume that V ⊂ X is bounded. V is compact if { u(t)+t : u ∈ V } and {u′(t) : u ∈
V } are both equicontinuous on Ji, i = , , . . . ,k – , and JT = (tk ,T], for any given T > tk ,
respectively, and equiconvergent at inﬁnity.
Lemma . R : 	 × [, ] → X is continuous and compact, where 	 ⊂ X is an open
bounded set.
Proof By (H), (H), the continuity of ϕq and Lebesgue’s dominated convergence theorem,
we ﬁnd that R is continuous and {R(u,λ) | u ∈ 	,λ ∈ [, ]} is bounded. We will prove that
R(	 × [, ]) is compact.
Since 	 ⊂ X is bounded, there exists a constant r >  such that ‖u‖ ≤ r, u ∈ 	. It fol-
lows from (H) that there exist a function hr ∈ L(R+) and a constant Mr >  such that
|f (t,u(t),u′(t))| ≤ hr(t), |Ii(u(ti),u′(ti))| ≤ Mr , i = , , . . . ,k, t ∈ R+, u ∈ 	. For any given







































































































































+ ϕp(r) + kMr
)











































‖hr‖ + ‖hr‖ + kMr∫ +∞
 h(t)e–t dt
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Since t, +t , and
t
+t are equicontinuous on Ji, i = , , . . . ,k – ,T , we ﬁnd that {R(u,λ)(t)+t ,u ∈























































































































∣ ≤ ‖hr‖ + ‖hr‖ + kMr∫ +∞
 h(t)e–t dt















































, u ∈ 	,λ ∈ [, ].
It follows from the absolute continuity of integral and the equicontinuity of e–t that
{F(u,λ)(t),u ∈ 	,λ ∈ [, ]} are equicontinuous on Ji, i = , , . . . ,k – ,T . By the uniform
continuity of ϕq(t) in [–K ,K], we ﬁnd that {R(u,λ)′(t),u ∈ 	,λ ∈ [, ]} are equicontinuous
on Ji, i = , , . . . ,k – ,T .
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e–s ds→  (t → ∞)
and ϕq(u) is uniform continuous on [–K – ϕp(r),K + ϕp(r)], for any ε > , there exists a






































 , s > T,u ∈ 	,λ ∈ [, ].





































































































































































































































































































































































































By Lemma ., we ﬁnd that {R(u,λ) | u ∈ 	,λ ∈ [, ]} is compact. The proof is com-
pleted. 
Lemma . Assume that 	 ⊂ X is an open bounded set. Then Nλ is M-compact in 	.
Proof By (H), we get Nλ : 	 → Y , λ ∈ [, ] is continuous. It is clear that ImP = KerM,
QNλx = θ ,λ ∈ (, )⇔QNx = θ , i.e. Deﬁnition .(b) holds.
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For u ∈ 	, it follows fromQ(I–Q)Nλu = θ that (I–Q)Nλu satisﬁes (.). So, (I–Q)Nλu ∈
ImM, i.e. (I–Q)Nλ(	)⊂ ImM. Furthermore, by ImM = KerQ and z =Qz+(I–Q)zweﬁnd
that z ∈ ImM implies z = (I –Q)z ∈ (I –Q)Z, i.e. ImM ⊂ (I –Q)Z. Thus, (I –Q)Nλ(	) ⊂
ImM ⊂ (I –Q)Z, i.e. Deﬁnition .(a) holds.
































ds – u′(+∞)t = (I – P)u,
i.e. Deﬁnition .(c) holds.





































































So, Deﬁnition .(d) holds. These, together with Lemma ., mean that Nλ isM-compact
in 	. The proof is completed. 
Theorem . Assume that (H), (H), and the following conditions hold:
(H) There exist nonnegative functions a(t), b(t), c(t), and nonnegative constants di, gi, ei,
i = , , . . . ,k with ( + t)p–a(t),b(t), c(t) ∈ Y , and ‖a(t)( + t)p–‖ +‖b‖ +∑ki=[di( +






















∣ + ei, i = , , . . . ,k,x, y ∈R.
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where t ∈ [, +∞). Then boundary value problem (.) has at least one solution.
In order to prove Theorem ., we show two lemmas.
Lemma . Suppose that (H)-(H) hold. Then the set
	 =
{
u ∈ domM |Mu =Nλu,λ ∈ (, )
}
is bounded in X.







































By (H), there exists a constant t ∈ R+ such that |u′(t)| ≤ e. Assume t ∈ Jm, m =










t λf (s,u(s),u′(s))ds + ϕp(u′(t)) – λ
∑m
j=i+ Ij(u(tj),u′(tj)),
t ∈ Ji, i = , , . . . ,m – ,
∫ t
t λf (s,u(s),u′(s))ds + ϕp(u′(t)), t ∈ Jm,∫ t
t λf (s,u(s),u′(s))ds + ϕp(u′(t)) + λ
∑i
j=m+ Ij(u(tj),u′(tj)),










∥∞, t ∈ [, +∞). (.)
















































































































( ‖c‖ + ϕp(e) +∑ki= ei
 – (‖a(t)( + t)p–‖ + ‖b‖ +∑ki=[di( + ti)p– + gi])
)
.
This, together with (.), means that 	 is bounded in X. 
Lemma . Assume that (H), (H), and (H) hold. Then
	 = {u ∈ KerM |QNu = }
is bounded in X, where N =N.
























By (H), we get ‖u‖ = |a| = |u′(t)| ≤ e. So, 	 is bounded. The proof is completed. 
Proof of Theorem . Let 	 = {u ∈ X | ‖u‖ < r}, where r > e is large enough such that
	 ⊃ 	 ∪ 	.
By Lemmas . and ., we haveMu =Nλu, u ∈ domM∩ ∂	, andQNu = , u ∈ KerM∩
∂	.
Let H(u, δ) = ρδu + ( – δ)JQNu, δ ∈ [, ], u ∈ KerM ∩ 	, where J : ImQ → KerM is a
homeomorphism with J(ae–t , , . . . , )T = at, ρ =
{
–, if (H)() holds,
, if (H)() holds.
For u ∈ KerM ∩ ∂	, we have u = at = . Thus











If δ = , H(u, ) = ρat = . If δ = , by QNu = , we get H(u, ) = JQN(at) = . For  < δ < ,




































Since |u′(t)| = |a| = ‖u‖ = r > e, this is a contradiction with (H) and the deﬁnition of ρ .
So, H(u, δ) = , u ∈ KerM ∩ ∂	, δ ∈ [, ].
By the homotopy of degree, we get
deg
(












ρI,	 ∩ KerM, 
)
= .
By Theorem ., we can ﬁnd that Mu = Nu has at least one solution in 	. The proof is
completed. 
4 Example
Let us consider the following impulsive p-Laplacian boundary value problems at reso-




(ϕp(u′(t)))′ + f (t,u(t),u′(t)) = , t ∈ [,∞)\{t, t, . . . , tk},
ϕp(u′(ti)) = ci, i = , , . . . ,k,










sinx + e–t √y + e–t .
Corresponding to the problem (.), we have h(t) = e–t , Ii(u, v) = ci, i = , , . . . ,k. Take
hr(t) = (( + t)–





, b(t) = c(t) = e–t , di = gi = , ei = ci, i = , , . . . ,k,
e = e(+tk )( + 
∑k
i= |ci|),Mr = max≤i≤k{|ci|}.
By a simple calculation, we ﬁnd that (H)-(H) and (H)() hold.
By Theorem ., we ﬁnd that the problem (.) has at least one solution.
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